The light scattering by an initially monodisperse population of Gaussian random coils in a theta solvent is described by the well known Debye function: to originally polydisperse solutions and branched random coils without loops. We discuss its mathematical limits and range of validity, and how to apply it to experimental situations. It is speculated that it may work fairly well when the penetration function t/J is less than about 0.1.
I. INTRODUCTION

A. Background
Zimm 1 discussed the light scattering from a dilute solution of Gaussian random coils and propounded a method (the Zimm plot) of determining weight averaged molecular weight, z-averaged mean square radius of gyration, and a more complex average of the second virial coefficient.
It was recently shown 2 that when a population of initially monodisperse, ideal random coils under theta conditions undergoes random scission, the form of the scattering function for random coils 1.3 is preserved. That is, if r is the average number of cuts per original molecule, the scattering function, P( (}), is P«(},r) =D(u«(},r» = (2/u 2 )(e-U -1 +u),
where (2) The usual result l • 3 is recovered by setting r = O. Here, (S2) is the mean square of the radius of gyration S. The scattering vector is q = k f -k;. Its magnitude is q = (41Thl A)sin«() 12), where A is the vacuum wavelength of the incident light, ii the index of refraction of the solution, and () the angle of scattering with () = 0 for the forward direction.
Equations (1) and (2) proved useful for determining the scission kinetics of hyaluronic acid by acid hydrolysis 2 and enzymatic digestion, 4 using time-dependent total intensity light scattering. This promises to become a more generalized technique for studying scission kinetics and mechanisms.
B. Goals and assumptions
To increase the range of validity of the theory, and hence its utility, it is necessary to use less restrictive assumptions.
Specifically, it is desirable to take into account the possibilities of initial sample polydispersity, a nonzero second virial coefficient, and non-Gaussian behavior of the random coils. It will be shown how to do the first two in near-theta conditions. Certain limiting cases will be shown to lead to powerful approximations which allow scission to be monitored without precise knowledge of the polymers molecular properties or initial polydispersity. The effects of a molecular weight dependent second virial coefficient and ofnon-Gaussian behavior are also considered, as are the limitations of the approximations used.
Before going into more detail, it is appropriate to review the physical approximations made in the present work. We consider the excess Rayleigh scattering (scattering in excess of that by the solvent alone) of polymer molecules dissolved in a single solvent. The polymer molecules are assumed to be made of different numbers of identical monomer subunits, each an isotropic point-like scatterer, connected by identical bonds which are subject to scission. The incident light is asssumed to be vertically polarized, monochromatic, and essentially parallel. All dimensions of the scattering volume V are assumed to be large compared to both the wavelength of light and the size of the largest polymer molecule. The scission process is assumed to be random; when a single bond between monomer units is cut, every bond has an equal probability of being cut. We will also make the single contact approximation; interactions beween different molecules are treated only to first order (a single contact) under the assumption of a two-body delta-function effective interaction between monomer units, and interactions within a given polymer molecule are ignored. It will usually be assumed that the monomer units are connected together either linearly or in the form of a tree.
As shown below, if one generalizes Zimm'sl classic treatment, based on the single-contact assumption, of the lowest order effects of the second virial coefficient A 2 , to include polydispersity, and drops his assumptions that the distribution of bond lengths and directions between adjacent monomer units is Gaussian, the resulting equation is ~=(1-;-' ("" mw(m) 
Jo where wo(m)dm is the original weight fraction of the polymer with mass between m and m + dm.
The goal of the present work is to justify Eqs. (3) and (5) within some range of validity, and to discuss the extent of that range and how to apply these equations to experimental situations.
II. CALCULATION OF SCATTERED LIGHT IN NEAR-THETA CONDITIONS
A. Arbitrary polymers and random coils
When one uses the fact that dii/ dc is the same for all weight fractions of the same polymer in the same solvent, for the Rayleigh ratio becomes A 2 ,s, (c)P 2 ,s, (O,c)csc, , (6) s= I t= I where c sand Ms are the weight concentration and molecular weight of polymer fraction s, and c is the entire set of polymer concentrations.
If one is interested in light scattering from dilute solutions, one can expand Eq. (6), and in it PI' A 2 , and P 2 , in powers of the c s' Appendix A shows, at least in the model we are using for interaction between polymer units, that making the single contact approximation in the limit oflarge scattering volume V results in three simplifications: 
To obtain Eq. (3), one uses Eqs. (7) to expand Eq. (6) to second order in powers of C s and c" and uses C s = WsC' where c is the total concentration by weight of the polymer. 
B. Randomly cut random coils
To find the resulting weight distribution w(M), when a population of chains having original weight distribution wo(M) is subjected to random scission, we use a previous result,2 the continuum limit of the usual result.
•
S Let an originally monodisperse population of chains of contour length L having a large number (N -1) oflinks with equal probability of being cut, be subjected to random scission, so that the average chain is cut r times, with r<t.N. Calling f( r,x) dx the number fraction of resulting chains with contour length between xL and (x + dx)L, where O';;;x,;;; 1, Eq.
For random scission of an originally polydisperse sample, the expected number of cuts r that a chain receives will be proportional to its original molecular weight M o , iffor all original chains r<t.N o , the original number of units. Then, if m is the mass of a monomer, No = Maim. Let p be the probability of a link between two units being broken, so that
Ifbonds are broken at a constant rate, and only a small fraction of all bonds have been broken, p and r will be proportional to time.
The resulting weight distribution, w(M), is expressed in terms of wo(Mo) as
In Eq. (11), the lower limit of integration can be ex- (12) to perform the inner integral, the result is Eq. (5), as advertised above. Equation (12) is easily checked by substituting for f(r,x) andD(u) from Eqs. (9) and (1), and integrating.
C. Randomly cut branched Gaussian polymers
In Appendix B, Eqs. (1) and (2) 
So increasing the probability p of breaking a particular bond should produce the same result as increasing q2 by (b 2/ 6)p. This is experimentally testable for small enoughp that 6p/b 2 < (41Tn/ A,)2, the maximal value of q2, which occurs at
Note that Eq. (13) still holds for a polydisperse starting population of Gaussian random coils, under conditions of low interaction between polymer molecules, as long as the Kuhn segment length b is the same in each polymer type, because it holds in each type individually. Also, Burchard 9 shows how to find P( e) =P(q,O) for a large number of types and populations of branched Gaussian random coils without loops. When working with one of those types, one can combine Eq. (13) with the appropriate P(q,O) from Ref. 9 to predict how the light scattering power should vary with p even where 6p/b 2 greatly exceeds the maximum q2 attainable with one's experimental setup.
Finally, the relation (2) is a special case ofEq. (13).
III. DISCUSSION
A. Limitations and limits
The most worrisome limitations of the simple theory presented here are probably those resulting from the inadequacy of the single-contact assumption in conditions oflarge excluded volume. In particular, for large excluded volume, Eq. (1) for P( e) is incorrect, as are Eqs. (7). That A 2 • s , (0) depends on sand t is especially serious. Fortunately, it is possible to find limiting cases in which the errors that result from this approximation should be acceptably small. Similarly, the Zimm plot, which is also based on the single-contact assumption, in the limit of fairly low u, is useful and widely used, despite the assumption that A2 is constant. It is hoped that the methods presented below, using the same assumption for A z , will also be useful.
The assumed form for prO)
Benoit 10 proposed treating the P( e) [or PI (e) ] of excluded volume random coils in the limit of large excluded volume by assuming that the distribution of a given unit about a unit separated from it by p bonds is Gaussian and proportional to p21-', whereJl may be about 0.6 or 0.588.5.11.12 This assumption, which may be self-contradictory, does lead to a tractable expression for P( e) : 13 2 iN '/6 ) dp N 0 (14) which has correct behavior I2 • 13 in the limit of high and low u, so Eq. (14) may have some utility. Attempts have been made to use Eq. (14) to determine Jl. 14,15 In Ref. 4, it was concluded that if pee) was described by Eq. (14) withJl > 1, the use ofEq.
(1) would lead to an underestimate of the rate of scission using the methods described below . We are not sure how to treat P z (e).
At very low angle, for example when using low angle laser light scattering (LALLS), or at large numbers of cuts, pee) goes to 1, the ambiguity in pee) disappears and, Eq. (3) is rigorously true and previously known [Ref. 5, Eq. (26.62»); the integral in the denominator becomes M w ' the weight-averaged molecular weight. Eq. (5), with e = 0, then is also rigorously true and applies to any long threadlike molecule. This is basically different from static light scattering, where, if P( u) is measured from low to high u, each type of scatterer eventually displays its own form factor. If scattered intensity is monitored at a fixed low angle during random scission of an originally monodisperse solution of long thread-like polymers of any shape, one should observe 1/
. Thus, using LALLS should allow random scission to be monitored for rigid rods, worm-like chains, excluded volume random coils, etc., without explicit knowledge of molecular shape. Observing this claimed form for M w would be an interesting confirmation of this theory.
However, with LALLS, the difficulty in calculating A2 remains.
The assumption of weight independent A2
A2 in Eqs. (3) and (5) is given by5 It is well known that the single-contact term gives an A 2 • ss independent of the molecular weight Ms. 5 However, for large excluded volume, this result is no longer true. The power law for A2 in a monodisperse solution with high excluded volume should bell A2 exM31-' ~ 2, whereJl is the coefficient in the power law (S2) ex MI- '. For a molecule with a given number of units, the singlecontact approximation should be more valid when the units are connected linearly than when they are connected in a more compact manner. For linear chains the single-contact approximation should be more accurate, other things being equal, the stiffer the chain, and should be exact for long thin rigid rods, which can have only a single contact. Indeed, the A2 oflong thin rigid rods is independent of size. 5 If there is no excluded volume, A2 = 0, and Eq. (3), which then corrects for polydispersity in the theta state, is exact.
The dimensionless penetration function 'II plot. The value of 'I' indicates how much effect excluded volume has on the second virial coefficient.
One also writes 5 .
where z is the excluded volume parameter,5
where a is the Kuhn segment length, n K the number of Kuhn segments, and v the excluded volume between Kuhn segments. Here a s is the expansion factor for the radius of gyra-
where This may be an empirically useful approach.
B. Application
WheneverEq. (5), ora special case of it, is valid, there is a possibility of using it to analyze experimental data. The similarity between Eqs. (3) and (5) means that one may consider adapting methods that have been used for static light scattering to the task of determining scission rates. Several examples, corresponding to various limiting cases ofEq. (5), are given below.
The P( 0) -1 for random coils given by Eq. (1) may be linearized in both the limits u = 0 and lIu = 0:
and
These lines intersect at u = 3; this is often taken as the boundary between the high and low u regimes. These linearizations are often used when one knows that one is making measurements in only the high or the low u regimes. Due to the experimental and theoretical uncertainties afflicting these measurements, it is often questionable whether there is any advantage in going beyond the linear expansions given in Eqs. (21).
The Zimm plot uses a simultaneous extrapolation of Kcl I to zero concentration and zero scattering angle. The latter extrapolation is usually linear, and based upon approximation (21a). A somewhat analogous method would be to record the inverse intensity versus time at a fairly low starting angle (for example, using LALLS) and for only a few initial cuts, and to approximate P -I (r,O) using Eq. (21a).
This method would be limited to using r< 3. For r> 3, it would be necessary to use the correct form from Eq. (1) for P -I (O,r), or at least a good approximation to it. However, as mentioned above, the use ofLALLS has the advantage that Eq. (4) becomes simpler and rigorously true, with A2 given by Eq. (15).
An alternative high u method of finding Sand Mn using approximation (21 b) can also be adapted to finding scission rates and is the basis of the two methods which we have actually used. 
where Mno is the original number-averaged molecular weight of the polymers, and it is assumed that ({3M nO ) -2 ~ 1. Equation (22) is the basis of two methods which have been used to determine scission rates in the presence of a significantly large A2. 4 Both assume that the rate at which bonds are cut is constant, and the fraction of original bonds which have been cut remains small. Therefore (ar I at) I Mo =a{3 I at should be constant and the graph of R (0) -I versus time should be a straight line with positive slope. Differentiating Eq. (22) with respect to time gives p=2a(KcIR (O»lat. (23) This requires measurement of ani ac to determine K. Then ap I at is the number of cuts that the polymers experience, on average, per unit time per unit molecular weight, and p (t), the probability as a function of time that a particular bond is cut, is mtap lat, where m is the mass of a monomer.
An alternative and much more laborious way to find dP I at is to perform a separate Zimm plot and measurement of polydispersity, using HPLC, for example. The Zimm plot provides a z-averaged measurement (S 2), a value for A 2 , and M uO ' The polydispersity measurement, in addition to a separate and possibly less reliable value for M uO' (25) znt This second method provides a check on the first; it is a good idea to do a Zimm plot in any case, although the polydispersity measurement may be more difficult. Both methods gave similar results for the rate of digestion of bacterial hyaluronate by an enzyme. 4 An example of the experimental data with the linear fit is shown in Fig. 1 believed to be due to inactivation of the enzyme. 4 It is worth stressing that a considerable variety of scission mechanisms have been modeled as random.
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IV. CONCLUSION
We have presented a simple theory of the random scission of random coils in near theta conditions, considered its limitations, and shown how it can be used to determine rates of scission.
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APPENDIX A
The three simplifications (7) that justify Eq. (8), result from the single-contact approximation. As this fact is critical to our argument, it should be appropriate to sketch a derivation using the McMillan-Mayer distribution function 21 approach to light scattering from macromolecules as presented by Y amakawa. 5, 22 In this Appendix, it is not assumed that the monomer units within a given polymer molecule are arranged linearly, only that within each subspecies s of polymer molecule a fixed number n s of monomer units are connected in a particular way. Following Yamakawa,5,22 we make the drastic approximation of treating the monomer units as point-like objects with a repulsive pair-wise delta-function interaction. Then a monomer unit is described by specifying the location of its center of mass, and a polymer molecule is described by specifying the locations of its units. If r i and rj are the locations of monomers i and j, the interaction energy wij between them is assumed to be given by exp( -wij (r i -rj )Ik b n = 1 + v8(r i -r) , (Al) where v for excluded volume indicates the strength or'the delta-function interaction following the usage of Edwards. 
-+ f g2 (Is, 2t, e) 
Here, NA is Avogadro's number and q=k f -k; is the change in the wave vector of the Rayleigh scattered light. R Is ; is defined to be the location of unit i of a particular polymer molecule (numbered 1) of type s; similarly R 2tj is the location ofunitj of a particular polymer molecule (numbered 2) of type t, etc., and R Is ;,2tj=R Is ; -R 2tj , etc. Before finding A 2 and P 2 to first order in v and c, we wish to find g2 ( Is, 2t, 0) to first order in v. If W Is ,2' is the potential of mean force 5 between molecules Is and 2t.
Ignoring internal interactions in the molecules means that 
;~ I j~ I In the present model, this is g2 in the single-contact approximation, i.e., to first order in v. Equation (A6) is used to prove all of Eqs, (7) . We sketch all three proofs, in order, even that ofEq. (7a), which is well-known.
A. Proof of Eq. (7a)
Integrating Eq. (A6) with respect to (ls,lt) , interchanging the order of summation and integration, defining d( Is)ldR Is ; to be all the coordinates of the molecule Is except the location of its ith unit, and rearranging the order of integration yields
All parts of V, except those near the boundaries, should be the same. Therefore, as V -> 00, FI ( Is,O) should depend only on the relative coordinates of its units, and, if these are held fixed, should not depend on the actual location of the molecule Is, except in a vanishingly small fraction of the total volume. If all the coordinates of the molecule Is except R Is ; are held fixed, then the position of the molecule is specified by R Is;' and we can take the view that as V -> 00 , FI ( Is,O) is independent ofR ls ;. This is a simple example of breaking up a cluster integral into irreducible parts. (ls,2t,0)d(ls,2t) = -vnsn, . (A9) v_ 00
Letting m be the mass of a monomer unit, Ms = mns and M, = mn" and substituting Eq. (A9) into Eq. (A2a) yields (AW) in the single contact approximation. This is the well-known result that, in the single contact approximation, A 2 • s , (0) does not depend on s or t.
B. Proof of Eq. (7b)
Equation (7b) seems intuitively obvious because, to first order in c, molecules interact only two at a time. By the single-contact assumption, there are no interactions within molecules, and only one contact between any two molecules, which otherwise interpenetrate freely. Thus the shape of a given molecule should not be affected, and neither should its PI (8,0), which is determined by its shape. However, this can be proved explicitly using a special case of Eq. 
Here '5, written as a function of z instead of c. E (z) is the grand partition function for the solution as a function of the fugacities z. Equation (All) is used to find F t (1s,z) in terms of a reference set offugacities z*, which are chosen to be those for a second solution separated from the first by a membrane which is permeable to component 0 (the solvent), but not to components 1,2, ... ,r (the polymer), and within which all the polymer molecule types are extremely dilute (P, -0 for t> 0). Then for t> 0, zt -p~, where * denotes quantities in the second solution. 5 The chemical potentialllo equals Il"t The integral..F can be rewritten as
As in part A of this Appendix, for large enough V, F I (ls,O) isfixed ifRlsi,lSk is known for all i=j=k, so it can be thought of as not depending on RIsk' as can exp (iq. R I si,isk ).23 Similarly, FI (2t, 0) and exp(iq·R 2 ,I,2(i) can be thought of as not depending on R 2tl • Thus Eq. (A24) can be rearranged to get I . So.f is a product of three integrals which can be evaluated separately, with the result .f = V-I f O) 
APPENDIXB
This appendix makes a testable prediction about how the light scattering by branched Gaussian polymers, without loops, drops when they are subjected to random scission. The argument resembles Zimm's Consider first a monodisperse popUlation of polymer molecules, each made of N identical units, called segments here, which are isotropic point-like scatterers of light, connected by identical bonds. These segments are numbered, from 1 to N. They are assumed to be connected not linearly, but in a branching tree-like fashion. Call segments connected by a bond "adjacent." Then, between any two segments i and j, there is exactly one path proceeding from segment to adjacent segment without ever crossing or doubling back on itself. Let nij be the number of bonds contained in this path.
If r i denotes the location of segment i, and rij =r i -r j , then
i= I j= I
The assumption of random scission means that each bond has the same probability p of being cut regardless of what other bonds are cut. So the chance that none of the nij bonds between segments i and j are cut is (1 -p) (n,) . If p is small, this probability approaches exp( -pnij) ' If any ofthe bonds between segments i andj are cut, the two pieces of the molecule will in all probability diffuse far away from each other, so that exp(iq-r) is equally likely to have any phase, and (exp(iq-rij) > is O.
Let (exp(iq-rij) >0 be the value of (exp(iq-rij) > when no bonds have been cut. The assumption of a Gaussian polymer means that there is no interaction, other than connection by bonds, between segments. So, if none of the nl} bonds between segments i and j are cut, (exp(iq-rl}» = (exp(iq-rl}) 
